The hydrodynamic theory developed in [31] for solutions of nonhomogeneous nematic liquid crystalline polymers (LCPs) of spheroidal molecular configurations is extended to account for translational diffusion and the related spatial density variation. The new theory augments the added effect of the density variation to the Smoluchowski equation and the elastic stress. It accounts for the molecular aspect ratio as well as the finite range molecular interaction so that it is applicable to liquid crystals ranging from the rodlike liquid crystal at large aspect ratios to the discotic one at small aspect ratios. It also exhibits enhanced shape effects in the viscous stress and warrants a positive entropy production, thereby, the second law of thermodynamics. Moment averaged, approximate, mesoscopic theories for complex flow simulations are obtained via closure approximations.
A b s t r a c t
The hydrodynamic theory developed in [31] for solutions of nonhomogeneous nematic liquid crystalline polymers (LCPs) of spheroidal molecular configurations is extended to account for translational diffusion and the related spatial density variation. The new theory augments the added effect of the density variation to the Smoluchowski equation and the elastic stress. It accounts for the molecular aspect ratio as well as the finite range molecular interaction so that it is applicable to liquid crystals ranging from the rodlike liquid crystal at large aspect ratios to the discotic one at small aspect ratios. It also exhibits enhanced shape effects in the viscous stress and warrants a positive entropy production, thereby, the second law of thermodynamics. Moment averaged, approximate, mesoscopic theories for complex flow simulations are obtained via closure approximations.
I n t r o d u c t i o n
Liquid crystals of variety of molecular configurations may form the nematic phase, in which an orientational order, but no translational order, exists [1, 2] . These include the two drastically different configurations: rodlike and discotic liquid crystals. Most of the hydrodynan~ical theories formulated for liquid crystal materials are based on the rodlike molecules, which include the well known Leslie-Ericksen (LE) theory [3] , suitable to low molar weight liquid crystals, the Doi kinetic theory [4] and a variety of tensor based theories such as the Hand's theory [5] , Beris and Edwards' (BE) theory formulated through Poisson brackets [6] , and Tsuji and Rey's (TR) phenomenological theory [7] , etc., perceived to be applicable to high molar weight liquid crystalline polymers. Although the LE theory was first developed for rodlike liquid crystals, it has also been applied to discotic liquid crystals [8, 9] . Recently, Singh and Rey used the TR theory to model homogeneous flows of discotic liquid crystalline polymers by reversing the sign of a phenomenological "shape parameter" and showed some promising results [10] . This approach appears to be not only convenient, but also reasonable from a molecular point of view. The theory developed in [31] aimed at addressing the concerns and provide a rigorous justification for the convenient practice.
In the theory, the LCP molecules are modeled as rigid spheroids of equal size so that the theory could be used to model a variety of configurations of polymeric liquid crystal molecules. This approach has been undertaken by several pioneers in the past. Isihara studied the effect of the spheroidal shape on the phase transition behavior of colloidal solutions[Ill. Takserman-Krozer and Ziabicki studied the behavior of polymer solutions in a velocity field by treating polymer molecules as rigid ellipsoids in dilute solutions [12] . In Helfrich's molecular theory for ne-matic liquid crystals, the molecules are treated as equally and rigidly oriented ellipsoids [13] . In an effort to address the relationship between the Doi kinetic theory and the Leslie-Ericksen theory, Kuzuu and Doi generalized the Doi theory for homogeneous LCPs to account for the finite aspect ratio of spheroidal molecules [14] and gave the Leslie viscosity coefficients in terms of the uniaxial order parameter and a few physical parameters in the molecular theory, including the aspect ratio of the spheroid. Baalss and Hess also treated liquid crystal molecules as spheroids in their liquid crystal theory [15] . Baalss and Hess' theory predicts the liquid crystal is always flow aligning which has since been proven to be limited since tumbling has been observed in many LC flows. On the other hand, the Kuzuu and Doi theory handles both flow aligning and tumbling at different aspect ratios and polymer concentrations.
The theory developed in [31] extends the Kuzuu and Doi theory to flowing systems of nonhomogeneous liquid crystalline polymers by considering the long range elastic interaction through an extended anisotropic intermolecular potential. It also generalizes the existing Marrucci-Greco theory to a variety of spheroidal LCP configurations through a shape parameter. However, the translational diffusion was neglected in the study for highlighting the effect of the molecular shape and the anisotropic elasticity. As we all know, however, that the spatial nonhomogeneous structure of LCPs is also correlated to the translational diffusion of LCP molecules. So, for completeness, a theory for nonhomogeneous LCPs must also account for the translational diffusion. This paper aims at adding the effect of the translational diffusion to the previous theory to explore the impact of the translational diffusion to the, intermolecular potential, Smoluchowski equation and the stress tensor.
The rest of the paper consists of the derivation of the intermolecular potential, the Smoluchowski equation, the elastic stress tensor and the proof of the second law of thermodynamic theory.
K i n e t i c t h e o r y for L C P s o f s p h e r o i d a l m o l e c u l e s
We first extend the intermolecular potential developed in [31] that accounts for the intermediate to long range molecular interaction for liquid crystalline polymers of the spheroidal configuration with finite aspect ratios and derive one of its approximations through the gradient expansion of the number density function (defined below) [16] Then, we extend the Smoluchowski equation in the Doi kinetic theory for rodlike LCPs to accommodate the spheroidal shape of the liquid crystalline polymer and translational diffusion, and derive a consistent stress expression using the virtual work principle [2, 4] . Finally, we prove the theory satisfies the second law of thermodynamics in isothermal flows. I n t e r m o l e c u l a r p o t e n t i a l
We assume all LCP molecules are of the same spheroidal configuration immersed in viscous solvent. With the axis of revolution of the spheroid identified with the z-axis in the Cartesian coordinate (x, y, z), the surface of the spheroid is represented by: 
(2)
C Let f ( m , x, t) be the number density function (ndf) of the LCP molecules of the spheroidal shape in their axis of revolution m (limll = 1) at location x and time t. The material point at location x is assumed a sphere, whose radius is sufficiently large relative to the LCP molecule and small relative to the experimental apparatus, and the macroscopic velocity gradient in the sphere is assumed a constant provided it exists. An intermolecular potential for the spheroidal LCPs with finite range molecular interaction was derived in [31] The intermolecular potential defined by (3) is a nonlocal potential. In particular, the excluded volume given in (4) is too complicated for a hydrodynamical theory of liquid crystals to be used for complex flow simulations. We thus seek an approximate excluded volume expression that would lead to a less complex intermolecular potential.
We seek the Legendre polynomial expansion of the excluded volume (4), B ( m , m') = 2v + Bo(r)- 
Bo = 27rbc2r[~ + ~_ l a r c s i n ( ~-l)]
where r n m is the outer (tensor) product of In with m, "." denotes the contraction operation between two tensors over a pair of indices. In this paper, the number of dots in tensor operations denotes tile number of pairs of indices contracted therein. If we truncate series expansion (6) at the second order, the excluded volume is approximated by
With this, we arrive at an approximate intermolecular potential
which extends the intermolecular potential derived in [31] to account for the spatial variation of the ndf. The Legendre polynomial approximation up to the quadratic order given in (9) turns out to be an excellent approximation to (4) for all values of r as shown in [31] . Following Marrucci and Greco's approach [16] , we expand the probability density function f (in', x + s + r, t) at x in its Taylor series,
where V is the gradient operator and the derivatives are evaluated at (m', x, t). Neglecting the terms higher than the second order, we obtain a simplified intermolecular potential for spheroidal LCPs, 
Vsi = AkT(1 + (~o +
The bracket () denotes an average over all possible molecular directions at (x, t) with respect to the number density function f:
Following [31, 16] , we introduce two new parameters and L, of the unit of length, to denote the finite range of molecular interaction:
Then,
In our definition of the intermolecular potential, we note that 12 is still positive even when the length parameter 1 is assigned zero in (16) . The first term in (16) [31] .
Notice that both L1 and L2 are positive for all values of the aspect ratio r;however, L 2 is positive for r > 1 and negative for 0 < r < 1 [31] .
Free e n e r g y a n d the symmetric, effective int e r m o l e c u l a r potential Let's denote a finite volume of the LCP material by G in R 3. The free energy for the volume of LCPs is then given by [4, 14] A
where VH is the potential for the external field.
Through integration by part, the free energy can be rewritten into
where nn is the external unit normal of 0G, the boundary of G, and 
where, D and ~ are the rate of strain tensor and vorticity tensor, defined by By averaging over the configurational space of In with respect to the ndf f, we have the evolutionary equation for the number density v: (28) is the sixth moment of In with respect to the ndf. Like in most kinetic theories, the mesoscopic, or average, internal orientational properties of nematic liquid crystals are defined in terms of the moments of In with respect to the probability density function ~f (normalized ndf) [4] . Often, one uses the second moment ! M or its deviatoric part Q (a second v order, symmetric, traceless tensor Q) known as the orientation tensor (or structure tensor):
Taking the second moment of In in the configurational space of m with respect to the ndf governed by the kinetic equation (24), we arrive at the mesoscale orientation tensor equation 
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diffusivity Dr ° by [4] o (1 - (32) We note that in the equation of u up to sixth order tensors are included. Up to eighth order tensors are present in the orientation tensor equation for M. If we were to choose the fundamental variables to be v and M, closure approximation would have to be employed to represent the higher moments in terms of the zeroth and second moment. With the kinetic equation, we next derive the consistent stress tensor.
D e r i v a t i o n of t h e stress t e n s o r
We treat the LCP system as incompressible. Then, the stress tensor consists of three parts: the pressure -p I , the viscous stress T v and the elastic stress T e. We derive the elastic stress first by applying the vir-(31~ual work principle [2, 4] on a finite volume of the LCP material denoted by G called control volume. In order to take into account the nonlocal effect of the intermolecular potential (19) , the virtual deformation field (ie = 5Vx, the variation of all tensor fields and their first order derivatives are assumed zero at the boundaries of the control volume [19] .
The free energy of the LCP system in the material volume is given by (18) . Consider a virtual deformation (ie of the material in G. According to the virtual work principle [4] , the virtual work that the exterior must do to the material to realize (ie is
where T e is the elastic stress part of extra stress. In response to the virtual deformation (ie, the variation of f is calculated from the kinetic equation by neglecting all terms except for the rotational convection term [4] :
where Dr ° is an averaged rotary diffusivity resulted from the averaging process [4] , which is assumed a shape dependent constant in this study. We remark that the averaged rotary diffusivity is also possibly orientation dependent; then the "tube-dilation" effect for rodlike LCPs or the analogous effect for disklike LCPs, perhaps should be termed "disk-expansion" effect, can be modeled by replacing the constant rotary
The change in the free energy must then equal the work done to the material, i.e., 
The details of the derivation is given in Appendix. The antisymmetric part of the elastic stress is 
T ----T e + T v.
(40)
From [21, 22] , it follows that So, the formulae are not meant to be applied to the two extremes a = -1 and a = 1 at all. To obtain the viscous stress in practice, one should calibrate the (37) coefficient at a fixed aspect ratio 0 < r = r0 < oc and then extrapolate the formulae to all the other finite values of r since after all the friction coefficients need to be experimentally determined. In the range of a ~ 1 though, the stress contribution from the term D • M + M . D is negligible, consistent with the Doi theory for rodlike molecules [4] . As shown in [31] , when a > 0, all are positive and .(l(a) is smaller than ~2(a) as well as ~3(a); ~l(a) becomes negligibly small as a approaches 1 while ~2 (a) goes to infinity and ~3(a) settles at a finite positive value; for a < 0, ~l(a) becomes negative and comparable in magnitudes to ~2 (a), giving rise to a non-negligible "shape-induced-antidrag" to the total stress from the term D • M + M • D. This indicates that the oblate spheroidal molecule has the tendency to weaken the viscous stress due to the shape-induced (38) polymer-solvent interaction. However, this will by no means change the dissipative nature of the stress.
is the solvent viscosity, ¢1,2,3(a) are three friction coefficients. 3 v k T ¢ i ( a ) , i = 1,2,3 are identified as two shape-dependent viscosity parameters due to the polymer-solvent interaction. The total extra stress is given in the constitutive equation for the extra stress As shown in [31] , the viscous stress part due to the polymer-solvent interaction is indeed dissipative for all values of a E (-1, 1) and all possible orientation despite ~l(a) < 0 at a < 0.
The kinetic equation (24), orientation tensor equation (31) and (27) 
Balance of angular momentum and the anisotropic elasticity
Finally, we want to make sure that the derived theory obeys the balance of angular momentum. From Doi and Edwards' book [4] , we know that the torque on a test molecule oriented along m is given by T = -TCVei, absence of external effects. In this mesoscopic theory, the material point is implicitly (tacitly) defined as a sphere in which the velocity gradient is assumed constant and all LCP molecules convect spatially in an identical manner within the sphere. Due to the anisotropic elasticity from the intermolecular potential, there exists an additional torque associated to the spatial convection on the "material points". Then, the total torque on a unit volume of the material is
where e~Zk is the alternator tensor [17] . Integrating over the control volume G and applying integration by parts whenever necessary, our calculations end up with
GVijeijkdx = f tkdx" JG (46)
This equality indicates that the body torque balances the antisymmetric part of the stress tensor on the control volume G, confirming that the balance of angular momentum is maintained [2] . We note that the balance of the angular momentum is achieved on the entire control volume G subject to the assumptions (42) on the zero boundary conditions alluded to earlier rather than in a pointwise sense due to the nonlocality of the intermolecular potential. The presence of the anisotropic elasticity is due to the long-range anisotropic molecular interaction. It is the interaction between the spatial convection and the longrange anisotropic molecular interaction that causes (43) the additional torque on the material point. The role of the anisotropic elasticity needs to be investigated further.
E n t r o p y p r o d u c t i o n a n d e n e r g y dissipation
In an isothermal process, the entropy production or (energy dissipation) is equal to the decrease in the total energy [2] 
is nonnegative definite, which is warranted provided Dll(a ) and D±(a) are nonnegative as implicitly assumed. This indicates the theory warrants a positive entropy production and thereby obeys the second law of thermodynamics. A p p r o x i m a t e t h e o r y The equation for the orientation tensor and the stress expression both contain up to eighth order tensots, indicating a strong coupling to the kinetic equation. To decouple the kinetic equation, which often yields a much simpler governing equation system for LCPs, one has used a variety of decoupling or closure approximations [23, 24, ?, 26, 27] . The simplest among all the choices of the closure approximations is given in the following The be calibrated based on the flow types. Of course, more sophisticated closures may be employed to improve the approximation given here [6, 7, 23, 24] .
Most of the closures are flow-type dependent so that their performance in different types of flows vary widely [24, 25, 26, 27] . Unless a specific flow problem is identified, we don't see the need for enumerating all the closure approximations here.
C o n c l u s i o n
We have developed a hydrodynamic theory for nonhomogeneous liquid crystalline polymers of spheroidal configurations generalizing the kinetic theory of Kuzuu and Doi for homogeneous liquid crystal polymers as well as that of Wang for nonhomogeneous LCPs. The theory is applicable to flows of rodlike liquid crystal polymers at the large aspect ratios and to those of discotic liquid crystal polymers at small aspect ratios. It also accounts for the molecular configurational effect in the viscous stress due to polymersolvent interaction. The theory is shown to satisfy the second law of thermodynamics and thereby warrants a positive entropy production. Therefore, it is a well-posed kinetic theory for flows of LCPs.
Further rheological evaluations of the new theory for discotic liquid crystals in simple flows as well as orientational structures emerged due to flow orientation coupling will be reported in the near future.
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The extra terms given by (56) are resulted from the interaction of the long range elastic potential and the spatial convection, which contributes additional elastic torque to the macroscopic motion of the material.
(56)
